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This paper tackles the problem of tuning a class of fractional controllers by using frequency
specifications. These tuning strategies exhibit the advantage of allowing the design of
robustness features in the closed-loop control system. Nowadays, relationships between
time and frequency domain specifications are given by complicated formulas in the case
of integer controllers, which become even more complicated if fractional controllers are
used. The proposed strategy consists in finding the family of fractional controllers (in
function of the fractional integrator) thatmakes the closed-loop systemhave the same time
domain specifications: overshoot and settling time. Such family of controllers is obtained
byminimizing a function based on these time domain specifications. Our method has been
particularized to first order plants, controlled by PIα regulators, although the results can be
easily extended to higher order plants and other fractional controllers. The obtained results
provide simple expressions for tuning these controllers.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Fractional calculus is a mathematical tool that has found application in the subject of automatic control in recent years.
Particularly, it has allowed the generalization of the well known PI, PD and PID industrial controllers to more sophisticated
controllers that use fractional derivatives and integration operators. Several new controllers like the PIα , PDα and PIαDβ [1,2]
have been suggested. Moreover, some new fractional controllers have recently been proposed, which are of the form Iα and
IIα . These controllers have been used in the standard feedback control scheme or combined with a Smith predictor in order
to improve the behavior of processes of integer order that exhibit delays [3,4]. Usually the application of these fractional
order controllers to processes of integer order is motivated by the need of improving the closed-loop dynamics that can
be attained by using standard integer order controllers. In particular, robustness properties are to be enhanced with these
controllers [5–7]. Several practical applications have also been developed [8].
These fractional controllers are often tuned from frequency specifications [9–11], using well known design features such
as the phase margin, ϕm, the crossover frequency, ωc , the gain margin, Gm, or the frequency at which the phase of the open
loop system is pi rad, ω1.
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Processes of integer order – that use standard controllers which are tuned from frequency specifications – are
often approximated by first or second order transfer functions. For these particular cases, the scientific literature has
established well known simple relations (which may be approximated or exact in some cases) between time and frequency
characteristics, e.g. [12]. Time specifications usually considered in the closed-loop system are: steady state error, ess,
overshoot,Mp, or settling time, ts.
These relations allow the design of controllers that verify closed-loop time specifications using design techniques suited
for frequency specifications. It is interesting, as the tuning of controller parameters often can be more easily obtained in
the frequency domain than in the time domain (which is especially true for fractional order controllers). However, this
methodology requires an accurate translation from time to frequency specifications.
If integer order processes were controlled using regulators of fractional order, the overall closed-loop transfer function
would become of fractional order too, and the relationship between frequency and time domain specifications would be
different from the ones stated for the integer order controller case. Consequently, these fractional controllers tuned using
frequency specifications yield closed-loop systems that do not verify the desired time specifications.
In [13], the authors analytically obtained the expressions of time specifications for a fractional integrator using theMittag-
Leffler function [14]. The equations of settling time, ts, peak time, tp, and overshoot,Mp, were expressed as functions of the
fractional order controller, α, and the required crossover frequency, ωc . Nevertheless, when the order of the closed loop
transfer function is higher and other frequency specifications are required, as phase margin, ϕm, the analytic deduction of
these relationships becomes very difficult.
This paper presents a methodology to design fractional order controllers for first order processes by using frequency
specifications. This methodology is developed for a particular class of fractional controllers: the PIα regulator. Classical
relationships between frequency and time domain specifications are modified in order to take into account the
‘‘fractionality’’ of the controller. These modifications consider the order α of the fractional integration operator, which will
allow us to obtain closed-loop systems that exactly verify the desired time domain specifications. As we will obtain a family
of parameterized controllers in function of α, all of them verifying the same time specifications, we will tune the additional
parameter α in such a way that the robustness of the closed-loop system to changes, in some parameters, improves.
This work develops some simple formulas that modify the well known relations between frequency and time
specifications of integer order controllers, for the case of the fractional PIα regulators. The methodology proposed here is a
continuation of [15] and can be extended to higher order plants and to other fractional controllers like PDα and PIαDβ .
The paper is organized as follows. Section 2 develops the expressions used to tune the fractional order controller PIα by
using frequency specifications for first order processes. Section 3 proposes a method for obtaining fractional PIα controllers
with the same closed-loop time behavior as PI controllers. Section 4 presents new formulas that modify the standard
relationship between frequency and time domain specifications for our fractional controllers. Section 5 is devoted to verify
the accuracy of our controller designmethodby carrying out an example.Moreover, the robustness attainedbyour controller
to process parameter variations is studied and compared with a PI controller. Finally, Section 6 discusses the application of
the results obtained and presents some conclusions.
2. PIα controller: Tuning method in the frequency domain
2.1. PIα tuning: Frequency specifications
Let us consider the first order transfer function:
G(s) = K
Ts+ 1 (1)
where K is the gain and T is the time constant of the process.
Expression (1) is normalized by scaling the time t by T (tn = t/T1) and the process output y by K(yn = y/K). Normalized
transfer function becomes:
Gn(s) = 1s+ 1 . (2)
Let us consider a fractional order controller whose structure is (PIα controller):
FPI(s) = Kp + Kisα , 0 < α. (3)
This controller is used in the classical closed-loop control scheme where the output is fed back with unity and negative
gain. Desired closed-loop specifications are: zero steady state error, ts settling time in the band of ±5% around the final
value, and an overshoot ofMp.
The resulting open-loop transfer function is:
H(s) = Gn(s) · FPI(s) = Kps
α + Ki
sα (s+ 1) . (4)
If we apply the Final Value Theorem (e.g. [12]), we obtain that zero closed-loop steady state error is guaranteed when
α > 0.
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Let us assume that we calculate the frequency specifications: crossover frequency, ωc , and phase margin, ϕm, which are
equivalent to the desired time specifications (settling time, ts, and overshoot, Mp), by using the well known relationships
developed under the hypothesis of standard integer order controller (PI controller in our case). Then, the gains of controller
(3) can be obtained from the next algebraic method, developed in the complex numbers domain. Design conditions given
by the desired couple (ωc , ϕm) can be expressed in a compact form such as
H(jωc) = e−(pi−ϕm)j. (5)
Taking into account that
(jωc)α = ωαc
[
cos
(
α
pi
2
)
+ j sin
(
α
pi
2
)]
(6)
substituting (4) and (6) in (5), we get two simple expressions that allow us to calculate the parameters Kp and Ki of controller
(3):
Kp = sin
(
ϕm + α pi2
)+ ωc cos (ϕm + α pi2 )
− sin (α pi2 ) (7)
Ki = ωαc (ωcΛ1 +Λ2) (8)
where
Λ1 = sin
(
ϕm + αpi2
)
+ cos
(
ϕm + α pi2
)
tan
(
α pi2
) (9)
and
Λ2 = sin
(
ϕm + α pi2
)
tan
(
α pi2
) − cos (ϕm + αpi2 ) . (10)
Eqs. (7) and (8) depend on α, so they provide us with a family of equivalent controllers (from the point of view of the
desired frequency specifications) parameterized by the order of the fractional operator. In particular, the controller given
by (7) and (8) when α = 1 is the standard PI controller:
Kp = − cos (ϕm)+ ωc sin (ϕm) (11)
and
Ki = ωc [sin (ϕm)+ ωc cos (ϕm)] . (12)
2.2. Unit-step time response of the closed loop transfer function
Given the plant Gn(s) controlled by means of a FPI(s) controller, the closed loop transfer function yields:
M(s) = s
αKp + Ki
sα+1 + sα(Kp + 1)+ Ki . (13)
In order to determinate the dependency of the step unit time response of the controlled plant with respect to the α value,
it is required to introduce the Mittag-Leffer function [14]:
Eα,β(z) =
∞∑
k=0
zk
0(αk+ β) , (α > 0, β > 0) (14)
where 0 represents the gamma function.
It is convenient to introduce the function
εk(t, y;α, β) = tαk+β−1E(k)α,β(ytα) (15)
whose Laplace transform is∫ ∞
0
e−stεk(t,±y;α, β)dt = k!s
α−β
(sα ∓ y)k+1 , (Re(s) > |y|
1/α). (16)
A property of the εk(t, y;α, β) function is:
0Dλt εk(t, y;α, β) = εk(t, y;α, β − λ), (λ < β) (17)
where D represents the differentiation operator.
F.J. Castillo et al. / Computers and Mathematics with Applications 59 (2010) 1656–1666 1659
Fig. 1. Unit step response keeping Kp and Ki and varying α.
On the other hand, theM(s) function can be expressed as follows:
M(s) = KpsαMd(s)+ KiMd(s) (18)
where,
Md(s) = 1sα+1 + sα(Kp + 1)+ Ki . (19)
The unit step response ofMd(s) is:
ystep_d(t) = 0D−1t
{ ∞∑
k=0
(−1)k
k! (Ki)
k εk(t,−(Kp + 1)); 1, α(k+ 1)+ 1
}
. (20)
Therefore, the unit step response ofM(s) can be obtained as:
ystep(t) = KpDαystep_d(t)+ Kiystep_d(t). (21)
Fig. 1 shows an example of ystep(t) keeping Kp and Ki and varying α, from 0.4 to 1.6. Notice that Mp and ts strongly depend
on the value of α.
From the point of view of the PIα tuning, the objective is to determinate the value of the controller parameters Kp, Ki
and α, in order to provide a unit step response that fulfils the desired time domain specifications ts and Mp. The frequency
domain tuning shown in Section 2.1 ensures the fulfilment of ωc and ϕm independently of the value of α. Nevertheless, the
analytical unit step response shown in (21) depends on the value of α.
Section 2.3 presents an example of a frequency domain tuning of the PIα controller. The unit step exhibits different
values of ts andMp when the selected value of α changes. Therefore, the usual frequency domain tuning must be considered
inappropriate when the objective is that the controlled system satisfies the time domain specifications.
2.3. Example
Let us define the next frequency specifications: ϕm = 60◦ andωc = 10 rad/s. If we tune the parameters of the controller
PIα according to expressions (8) and (9) for different values of α, Fig. 2 illustrates the resulting Bode diagrams of H(jω). In
this figure, the case α = 1 corresponds to the PI controller. It can be logically observed that all the frequency responses of
the family of controllers (for all α) fulfil the desired specifications.
Fig. 3 shows the time responses to a step command of that family of controllers for the same range of variation of
parameter α. It can be noticed that both settling time, ts, and overshoot,Mp, change significantly in function of the controller
fractional order α. Therefore, the desired time specifications (ts andMp) are only verified by the PI controller (α = 1).
All the simulations have been carried out by approximating the fractional operator s − α by IIR filters in the frequency
range of ω = [0.1ωc10ωc].
Tuning fractional controllers in the frequency domain does not provide us with the expected results in the time domain,
and new relations between frequency domain specifications and time domain specifications have to be established for these
controllers.
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Fig. 2. Bode diagram of H(jω). Range of α: [0.4–1.6].
Fig. 3. Time responses of the closed-loop system to a step command for a range of α: [0.4–1.6].
3. PIα controller: Time-domain specifications
3.1. Equivalent time response selection
This section explains the numerical criteria used to obtain the new relationships between frequency and time domain
specifications. Firstly, we define the criteria to select the temporal responses that best fulfil given time specifications.
We denote as M∗p and t∗s the desired time specifications, and as Mp and ts the time specifications, achieved using a
particular PIα controller. The next cost function is defined as follows:
χ = ∣∣Mp −M∗p ∣∣2 + ∣∣ts − t∗s ∣∣2 . (22)
For a given value of α, controller parameters Kp and Ki are optimized in such a way that index χ is minimized (in practice
we stop the search when χ < χmax, being χmax a maximum allowed value). Once we have determined the optimum
parameters K ∗p and K ∗i , we obtain the new equivalent frequency domain specifications (ω∗c , ϕ∗m) by inverting expressions
(7) and (8).
This search yields accurate results in most cases. But there are some special cases where additional requirements
are needed. Fig. 4 represents the time responses of the system controlled: (a) with a PI, (b) with the appropriate PIα
controller, and (c) with other PIα that also verifies the time domain specifications. Both PIα controllers verify the time
domain specifications, but we must choose the first one since it exhibits the closest dynamics to the reference closed-loop
dynamics obtained with the PI controller, while the dynamics exhibited by the other PIα controller is very different. Taking
this consideration into account, we will prevent abrupt changes in the equivalent frequency domain specifications.
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Fig. 4. Criteria of selection of temporal responses: PI controller and PIα controllers.
Fig. 5. Equivalent time responses of PI and PIα controllers.
The selection criteria used for the above cases is to choose among all the controllers that verify (M∗p , t∗s ) the one that yields
the closed-loop time response – the one that fulfils χ < χmax – with a rise time closest to the rise time of the reference
response (response using the PI controller). This strategy guarantees continuity in the equivalent frequency specifications.
3.2. Example
If we define the next time domain specifications: M∗p = 10% and t∗s = 1.2 s, we get the following equivalent frequency
specifications for the case of the PI controller: ϕm = 75◦ and ωc = 5 rad/s. Fig. 5 depicts the time response with the corre-
sponding PI controller as well as the responses of PIα controllers for different values of α, all of them verifying the specified
time domain specifications (a value χmax = 1e−4 was chosen). Fractional operator α was changed in the interval [0.6, 1.4],
and this figure shows that timedomain specifications are accurately fulfilled by all the controllers (ts = 1.2 s andMp = 9.6%).
4. PIα tuning method: New relations between time and frequency specifications
The numerical procedure described in Section 3 is applied here to find the new relations between time and frequency
specifications for PIα controllers.We are seeking for functions thatmodify the classical relations obtained for the PI controller
case. Logically, these functions will depend on the fractional operator α.
For a given pair of time domain specifications (M∗p , t∗s ), we compute the pair of frequency specifications (ω∗c (α), ϕ∗m(α))
that gives equivalent time responses, for different values of α.
If we representΩ(α) = ω∗c (α)/ω∗c andΦ(α) = ϕ∗m(α)/ϕ∗m we get some simple relations that can be easily interpolated.
For example, Figs. 6 and 7 illustrate these relations for the case ϕm = 80◦ and ωc = 10 rad/s.
Mean integral squared errors of the achieved fittings are about 1e−2, and the obtained functions are:
log10Ω(α) = 0.664α2 − 0.5822α − 0.08180 (23)
Φ(α) = −0.09912α2 + 0.5953α + 0.5038. (24)
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Fig. 6. Function log10Ω(α) for the case ϕm = 80◦ and ωc = 10 rad/s.
Fig. 7. FunctionΦ(α) for the case ϕm = 80◦ and ωc = 10 rad/s.
We remark that these functions have been obtained for a particular pair of time domain specifications. We can also
notice that the Eqs. (14) and (15) evaluated in α = 1 exactly produce the frequency specifications of the PI controller case,
i.e., log10Ω(1) = 0 andΦ(1) = 1.
These results can be easily extrapolated to any other pair of time domain specifications following the procedure outlined
in Sections 3 and 4.
Figs. 8 and 9 represent log10Ω andΦ , for crossover frequencies between 1 and 10 rad/s and for phase margin of 60◦ and
75◦. The modified frequency specifications, ϕ∗m andω∗c , can be directly extracted from these surfaces in order to tune the PI
α
controller to fulfil the time specifications independently of the value of α.
5. Application example
This section illustrates, through an example, the improvements that can be obtained by using PIα controllers that exactly
fulfil the same time domain specifications. We will show that robustness can be significantly improved, while keeping
exactly the same closed-loop dynamic behavior for the nominal plant.
The normalized first order plant (2) is considered. Controllers are tuned to obtain the next time response specifications:
ts = 0.576 s, Mp = 21.3%. In the case of the PI controller, these time specifications are equivalent to the frequency
specifications: ϕm = 60◦ and ωc = 10 rad/s. The resulting PI controller using (11) and (12) is:
PI(s) = 8.1603+ 58.6603
s
. (25)
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Fig. 8. Φ and log10Ω surfaces for ϕm = 60◦ .
Fig. 9. Φ and log10Ω surfaces for ϕm = 75◦ .
Selecting α = 0.5 the PIα controller applying directly a frequency domain tuning FPI(s)fd, see (7) and (8), results:
FPIfd(s) = 2.2942+ 26.2337s0.5 . (26)
Applying the new tuning procedure described in Sections 3 and 4, we obtain the next relationships:
log10
(
ωc(α)
ωc(1)
)
= 0.1475α2 − 0.05745α − 0.09010 (27)
ϕm(α)
ϕm(1)
= 0.3176α2 − 0.08103α + 0.7634. (28)
For the same value of α, by means of (27) and (28), the modified frequency specifications are ϕ∗m = 48.14◦ and
ω∗c = 8.28 rad/s and the new designed fractional controller FPI(s)td is:
FPItd(s) = −0.7711+ 25.5262s0.5 . (29)
In order to compare the results, Fig. 10 shows the unit step response of the three controllers.
The time response specifications attained by the fractional controller, tuned in the time domain FPI(s)td, are ts = 0.571 s,
Mp = 21.2%, which are very close to the design specifications; while the time specifications provided by the fractional
controller, tuned in the frequency domain FPI(s)fd, are very different, ts = 0.476 s, Mp = 12.8%. This demonstrates that a
PIα controller tuned in the frequency domain does not guarantee the fulfilment of the time domain specifications.
For example, an application of the FPI(s)td controller is to improve the robustness to changes in the time constant of the
plant T . If we change the time constant in the interval [0.1, 10], the behavior of the closed-loop system controlled with the
1664 F.J. Castillo et al. / Computers and Mathematics with Applications 59 (2010) 1656–1666
Fig. 10. Step unit response of the three compared controllers.
Fig. 11. Time responses with the PI controller for different process time constants.
PI0.5 is much better, even capable of maintaining almost constant the overshoot value, in spite of the drastic changes in that
parameter. Fig. 11 depicts the time responses of the system controlled with the standard PI when the first order process
time constant changes. Fig. 12 shows the responses of the PIα controller under the same circumstances.
Next, we represent the control signals of both controllers for the nominal plant. It can be observed that the maximum
value of such control signal is smaller when α < 1 than when a PI is used (α = 1), which is illustrated in Fig. 13. In this
example, the reduction achieved in this maximum value is of 23%.
6. Discussion and conclusions
Methodologies to design robust controllers usually pursue some desired specifications in the temporal response of the
closed-loop system for the nominal plant case, and they keep the closed-loop system stable – or fulfil some minimum
specifications – in the whole range of plant parameters variations. These methodologies often use frequency domain
techniques, since robustness properties, like stability in the parameter variation range, can be more easily interpreted and
designed in such domains than in the time or s-plane domains.
One problemwith these approaches is that desired time domain specifications for the nominal plant need to be translated
into frequency domain specifications like crossover frequency or phasemargin. This translation can only be exactly attained
by very simple open loop transfer functions.When complex robust controllers are designed by usingwell known techniques
like H∞ or QFT (e.g [16,17] respectively), such translation can be quite inaccurate, yielding strong discrepancies between
the temporal specifications obtained and the ones expected from the frequency domain specifications designed.
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Fig. 12. Time responses with the PI0.5 controller for different process time constants.
Fig. 13. Control signals of PI and PI0.5 controllers.
As mentioned in the introduction, fractional controller design techniques can also be used to obtain robust controllers.
They can exhibit some advantages over the two techniques mentioned above, in the design process, because in some cases
fractional controllers yield similar robustness properties, but by just optimizing one or two parameters (the fractional
orders) rather than a large number of parameters as it is needed in the other methods. Implementation of fractional
controllers is carried out by approximating them using high order integer filters (yielding controllers of similar complexity
as the other two robust design techniques). However, the procedure of obtaining the controller that attains the desired
frequency domain specifications has become much simpler.
Fractional controller design shares with the other two robust design methodologies the problem of the inaccurate
translation from frequency domain specifications to temporal specifications for the nominal plant case.
Therefore, this paper is a first step towards finding new general relationships between frequency and time domain
specifications in the fractional controller case. We have proposed here a methodology to obtain the functions that modify
these relations in order to account for the fractional operator effects.
Correction functions were obtained in Section 4 for particular pairs (Mp, ts). Formulae that relate frequency domain
specifications (ωc , ϕm) to parameter α – for specified time domain specifications – were derived. The main interest of
these relations is that they allow, in a very straightforward way, to optimize robustness properties (like gain margin) while
keeping the time domain specifications for the nominal plant case fixed, unlike all the methods previously mentioned.
Then, simple scalar optimization problems have to be solved for the particular controller proposed in this paper, where
α is the single parameter to be determined. We can state that the formulae obtained in this paper allow the design of
robust controllers by using simpler procedures than the ones required by the standard robust controller design techniques,
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and allow maintaining the desired time domain nominal behavior, unlike these techniques and previous robust fractional
controller design techniques.
We have developed our method for the simplest case of first order processes. It can be easily extended to higher order
plants: optimization criteria, search algorithms andmost of the expressions developed in the paper can also be used in these
cases. Moreover, other fractional controllers may also be considered.
Finally, a representative example has been developed to illustrate how fractional controllers designed using the proposed
functions can improve the closed-loop system robustness while ‘‘exactly’’ keeping the time domain specifications for the
nominal plant case.
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